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In this paper we analyze the gravitational field of a global monopole in the context of
f(R) gravity. More precisely, we show that the field equations obtained are expressed
in terms of F (R) =
df(R)
dR
. Since we are dealing with a spherically symmetric system,
we assume that F (R) is a function of the radial coordinate only. Moreover, adopting
the weak field approximation, we can provide all components of the metric tensor. A
comparison with the corresponding results obtained in General Relativity and in the
Brans-Dicke theory is also made.
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1. Introduction
It is well known that several types of topological defects may have been created
by the vacuum phase transitions in the early universe.1,2 These include domain
walls, cosmic strings and monopoles. Global monopoles are heavy objects formed in
the phase transition of a system composed by a self-coupling triplet of scalar fields
φa (a = 1, 2, 3) whose original global O(3) symmetry is spontaneously broken to
U(1). The scalar matter field plays the role of an order parameter which outside
the monopole’s core acquires a non-vanishing value. The spacetime associated with
global monopoles is characterized by a non-trivial topology observed as a deficit
1
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solid angle. The properties of the gravitational field produced by this exotic object
have been investigated by M. Barriola and A. Vilenkin in the context of the general
relativity.3 Later, the gravitational field of a global monopoles were analyzed by A.
Barros and C. Romero in Ref. 4 in the Brans-Dicke theory of gravity in the context
of weak field approximation.
On the other hand, the f(R) theories of gravity have been recently suggested as
a possible alternative to explain the late time cosmic speed-up experienced by our
universe.5,6 Such theories avoid the Ostrogradski’s instability that can otherwise
prove to be problematic for general higher derivatives theories.7,8
In this work we analyse the gravitational field of the global monopole in the f(R)
theories of gravity scenario, handling the field equations at the weak field regime.
In order to simplify the form of the fields equations, we shall express them in terms
of the function F (R) = df(R)dR , in a similar procedure as adopted in Refs. 9 and 10.
Since we are dealing with a spherically symmetric static system, we shall express
F (R) as a function of the radial coordinates, r, by defining F (R(r)) = F(r).
2. The Global Monopole Model in General Relativity
The simplest model which gives rise to a global monopole is described by the La-
grangian density below:3
L = 1
2
∂µφ
a∂µφa − 1
4
λ(φaφa − η2)2 . (1)
Coupling this matter field with the Einstein equations, spherically symmetric solu-
tions for the fields equations can be obtained by adopting for the line element and
the matter fields the Ansa¨tze below:
ds2 = B(r)dt2 −A(r)dr2 − r2(dθ2 + sin2 θdϕ2) (2)
and
φa = ηh(r)
xa
r
(3)
with xaxa = r2.
For points far from the monopole’s core, the solutions for the functions B(r)
and A(r) are given by
B = A−1 ≈ 1− 8piGη2 − 2GM/r , (4)
being the mass parameter M ≈ Mcore. What concerns the matter field, we have
h(r) ≈ 1. Moreover, in Ref. 3 the authors have shown that for points outside
the monopole’s core, the energy-momentum tensor associated with a static global
monopole can be approximated as
T µν ≈ diag
(
η2
r2
,
η2
r2
, 0, 0
)
. (5)
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3. The f(R) Gravity in the Metric Formalism
The action associated with the modified theories of gravity coupled with matter
fields is given by:
S =
1
2κ
∫
d4x
√−gf(R) + Sm , (6)
where f(R) is an analytical function of the the Ricci scalar, R, κ = 8piG and Sm
corresponds to the action associated with the matter fields. By using the metric
formalism, the field equations become:
Gµν ≡ Rµν − 1
2
Rgµν = T
c
µν + κT˜
m
µν , (7)
in which T cµν is the geometric energy-momentum tensor, namely
T cµν =
1
F (R)
{
1
2
gµν (f(R)− F (R)R) +∇α∇βF (R) (gαµgβν − gµνgαβ)
}
(8)
with F (R) ≡ df(R)dR .
The standard minimally coupled energy-momentum tensor, Tmµν , derived from
the matter action, is related to T˜mµν by
T˜mµν = T
m
µν/F (R) . (9)
Thus the field equations can be written as
F (R)Rµν − 1
2
f(R)gµν −∇µ∇νF (R) + gµνF (R) = κTmµν . (10)
Taking the trace of the above equation we get
F (R)R− 2f(R) + 3F (R) = κTm , (11)
which expresses a further scalar degree of freedom that arises in the modified theory.
Through this equation it is possible to express f(R) in terms of its derivatives and
the trace of the matter energy-momentum tensor as follows:
f(R) =
1
2
(F (R)R+ 3F (R)− κTm) . (12)
Substituting the above expression into (10) we obtain
F (R)Rµν −∇µ∇νF (R)− κT˜mµν =
gµν
4
[F (R)R −F (R)− κTm] . (13)
From this expression we can see that the combination below
Cµ =
F (R)Rµµ −∇µ∇µF (R)− κTmµµ
gµµ
, (14)
with fixed indices, is independent of the corresponding index. So, the following
relation
Cµ − Cν = 0 , (15)
holds for all µ and ν.
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4. The Global Monopole in f(R) Theories
In this section we shall derive the field equations associated with a global monopole
system in modified theories of gravity.
By adopting a spherical symmetry Anstaz for the metric tensor given in (2), the
non-vanishing components of the Ricci tensor read:
R00 = −
1
2
[
(B′)2
2B2A
+
B′A′
2BA2
− B
′′
BA
− 2B
′
BAr
]
, (16)
R11 = −
1
2
[
B′A′
2BA2
+
2A′
rA2
− B
′′
BA
+
(B′)2
2B2A
]
, (17)
R22 = −
A′
2rA2
+
B′
2rBA
+
1
r2A
− 1
r2
. (18)
The spherical symmetry requires that
R22 = R
3
3, (19)
which implies that the scalar curvature will be given by
R =
2
r2A
{
1−A+
(
B′
B
− A
′
A
)
r − 1
4
B′
B
r2
(
B′
B
+
A′
A
)
+
1
2
r2
B′′
B
}
. (20)
In all the above equations the primes corresponds derivative of the function with
respect to the radial coordinate. By using the identity (15) along with the energy-
momentum tensor given by (5), we can construct two linearly independent differ-
ential equations:
2rF ′′ − rF ′
(
B′
B
+
A′
A
)
− 2F
(
B′
B
+
A′
A
)
= 0 , (21)
and
− 4B + 4AB − 4rBF
′
F + 2r
2B′
F ′
F − r
2B′
(
B′
B
+
A′
A
)
+ 2r2B
′′
+ 2Br
(
B′
B
+
A′
A
)
− 4ABκη
2
F = 0 , (22)
where we have expressed F (R) as F (R(r)) = F(r).
Defining
β ≡ B
′
B
+
A′
A
, (23)
we can write the field equations as follows
β
r
=
F ′′
F −
1
2
F ′
F β , (24)
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and
− 4B + 4AB − 4rBF
′
F + 2r
2B′
F ′
F
+ 2r2B
′′ − r2B′β + 2Brβ − 4ABκη
2
F = 0 . (25)
We can verify that if we plug ω = 0 into the equation (9) of Ref. 4 and replace
φ(r) by F(r), the equation (24) is recovered. This emphasizes the equivalence of
the metric f(R) gravity with a Brans-Dicke gravity possessing a parameter ω = 0,
as pointed out in Ref. 14. Furthermore this fact shows the relevance of working with
the fields equations in terms of F (R) when one wants to compare with the results
obtained via Brans-Dicke gravity, since the role of the scalar degree of freedom in
f(R) gravity is played by the function F (R).
5. Solutions in the Weak Field Regime
Now let us consider the weak field approximation in the field equations by assuming
that B(r) = 1 + b(r) and A(r) = 1 + a(r) with |b(r)| and |a(r)| smaller than unity.
Furthermore, let us consider that the modification theory of gravity corresponds
to a small correction on General Relativity (GR), so that F(r) = 1 + ψ(r), with
|ψ(r)| << 1
Adopting these approximations it is possible to verify that up to the first order
we may write,
F ′
F =
ψ′
1 + ψ
≈ ψ′ , F
′′
F =
ψ′′
1 + ψ
≈ ψ′′ ,
B′
B
=
b′
1 + b
≈ b′ , A
′
A
=
a′
1 + a
≈ a′ . (26)
Thus the approximated equations for (21) and (22) read
β
r
= ψ′′ (27)
and
4a− 4rψ′ + 2r(a′ + b′)− 2r2b′′ − 4(1 + a+ b− ψ)κη2 = 0 . (28)
Specific results for the fields equations can be obtained by adopting for ψ(r) a
specific Ansatz. Considering the simplest analytical function of the radial coordinate,
namely ψ(r) = ψ0r, we shall have the following result for Eq. (27):
β
r
= 0 , (29)
which means
a′ + b′ = 0 (30)
a+ b = c0 , (31)
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where c0 is an integration constant that we choose as c0 = 0. Therefore
a(r) = −b(r) . (32)
So (28) will be written as
1
2
r2b′′ − b− rψ0 − (1 − ψ0r)κη2 = 0 , (33)
whose solution is
b(r) =
c1
r
+ c2r
2 − κη2 − ψ0r(1 − κη2) , (34)
where c1 and c2 are integration constants. Since we are not dealing with a theory
with a cosmological constant we may set c2 = 0. Furthermore, we must choose
c1 = −2GM in order to recover the Newtonian potential present in the Barriola
and Vilenkin solution. Therefore,
B(r) = 1− 2GM
r
− 8piGη2 − ψ0r(1 − 8piGη2) , (35)
since κ = 8piG. For a typical Grand Unified Theory the parameter η is of the order
1016 Gev. So, 8piGη2 ≈ 10−5.2 This allows us to neglect the term ψ0r × 8piGη2 in
the above result since |ψ0r| << 1. Then we may write
B(r) = 1− 2GM
r
− 8piGη2 − ψ0r . (36)
From equation (29) we have
A(r) =
a0
B(r)
, (37)
where a0 is an integration constant. Rescaling the time coordinate we can set a0 = 1.
Then,
A(r) =
[
1− 2GM
r
− 8piGη2 − ψ0r
]
−1
(38)
As previously assumed by Barriola and Vilenkin, here we also drop out the mass
term in (36) and (38) as it is negligibly small at astrophysical scale. Thus, we have
B(r) = 1− 8piGη2 − ψ0r (39)
and
A(r) =
(
1− 8piGη2 − ψ0r
)−1
. (40)
Using the weak field approximation in (20) we can obtain the Ricci scalar curvature
associated with the solution above:
R = −16piGη
2
r2
− 6ψ0
r
. (41)
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From F(r) and R(r) one can determine, in principle, F (R) and finally f(R). The
explicit form obtained for f(R) is given by
f(R) = R − 3ψ20 ln
(
R
R0
)
− 2ψ0
√
9ψ20 − 16piGη2R
− 3ψ20 ln
[ √
9ψ20 − 16piGη2R− 3ψ0√
9ψ20 − 16piGη2R0 − 3ψ0
]
+ 3ψ20 ln
[ √
9ψ20 − 16piGη2R + 3ψ0√
9ψ20 − 16piGη2R0 + 3ψ0
]
,
(42)
where R0 is a constant. It is straightforward to verify that if ψ0 is set to be posi-
tive, the function above satisfies the following stability conditions required for any
physically relevant f(R) theory:11–14
• d2f(R)dR2 > 0 (no tachyons);
• df(R)dR > 0 (no ghosts);
• limR→∞ ∆R = 0 and limR→∞ d∆dR = 0 (GR is recovered at early times),
where ∆ = ∆(R) is defined as ∆ = f(R)−R.
Now we shall show that the line element described by the obtained functions
A(r) and B(r) are conformally related to the ordinary global monopole solutions.a
So let us consider the following coordinate transformation:
B(r) = p(r∗)
(
1− 8piGη2) , (43)
A(r)dr2 = p(r∗)
(
1 + 8piGη2
)
(dr∗)2 , (44)
r = p1/2(r∗)r∗ , (45)
where h(r∗) is an arbitrary function of r∗ to be determined, and h(r∗) = 1 + q(r∗)
with |q(r∗)| << 1. Differentiating equation (45) we have
dr2 =
(
1 + r∗
dq
dr∗
+ q
)
dr∗2 . (46)
Substituting the above equation into (44) and keeping only linear terms in q(r∗),
ψ0r and Gη
2, we obtain the following result for q(r∗):
q(r∗) = −ψ0r∗ , (47)
then
p(r∗) = 1− ψ0r∗ . (48)
Thus we can write the line element (2) in the coordinate r∗ as follows:
ds2 = (1− ψ0r∗)
[(
1− 8piGη2) dt2 − (1 + 8piGη2) dr∗2
− r∗2 (dθ2 + sin2 θdφ2)] . (49)
aAn analogue procedure has been adopted in Ref. 4.
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Rescaling the time coordinate and redefining the radial coordinate as r =(
1 + 4piGη2
)
r∗, we arrive at the line element below:
ds2 = (1− ψ0r)
[
dt2 − dr2 − (1− 8piGη2) r2 (dθ2 + sin2 θdφ2)] . (50)
An important feature arises if we are interested in analyzing the deflection of
light in this metric. As it is well known, the deflection angles are always preserved
for two metrics related by a conformal transformation. Therefore, the deflection of
a light ray by the monopole in the present modified gravity will be the same of that
one previously obtained in Refs. 3:
δφ = 8piGη2l(d+ l)−1 , (51)
where d and l are the distances from the monopole to the observer and to the source,
respectively. In this analysis it was assumed that the light ray trajectory lies at the
equatorial plane θ = pi2 .
6. Conclusions
In this work we have analyzed the gravitational field of a global monopole in the
f(R) gravity scenario in the metric formalism. In this formalism, this modified
gravity contains a massive scalar degree of freedom in addition to the familiar
massless graviton and it turns out to be equivalent to a Brans-Dicke theory. In order
to simplify our analysis we have considered solutions in the weak field approximation
which implied that we are considering a theory which is as a small correction on
GR. The latter condition was explicitly considered by assuming F(r) = 1+ψ0r, for
|ψ0r| << 1.
Following the above mentioned approach, the solutions found by us correspond to
small corrections on g00 and g11 components of the metric tensor, only. Being these
new components given in (36) and (38), respectively. From the results obtained, we
can observe that also, a small correction on the Ricci scalar, given now by (41),
takes place. Moreover, we have also verified that these solutions are conformally
related to that one previously obtained by M. Barriola and A. Vilenkin in Ref. 3 as
shown in (50), what ensures us that the deflection of light in these two spacetimes
will be the same.
Before finishing this section, we would like to point out that by using the weak
field approximation, we were able to provide an explicit expression for the function
f(R), given in (42). The non-linear function f(R) is not a problem if we consider
low curvatures (i.e., late time in the matter dominated era). Also, by assuming that
ψ0 is a positive parameter, we can affirm that f(R) fulfills two important stability
conditions, namely, non-tachyons and non-ghosts requirements.
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